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J. Phys. A:  Gen. Phys., 1971, Vol. 4. Printed in Great Britain 

Theoretical analysis of extensive air showers 
V. General analysis of muons above 1000 GeV 
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Abstract. Previous calculations by the present group-Adcock et al. in 1969- 
have been extended to yield predictions of the frequencies of multiple muons 
in the comprehensive experiment of Cannon and Stenerson in 1970. I t  is 
shown how comparison with experiment can give information about the 
magnitude of the mean transverse momentum ( p , )  of the parent pions, the 
form of the multiplicity law and the magnitude of the primary cosmic ray 
intensity, all in the region of 2 x lo5 GeV primary energy. 

Comparison is also made with the previous experiments and the areas of 
agreement and disagreement are explored. 

Combining all the experimental data, the average transverse momentum is 
somewhat less than that given by Adcock et al. in 1970 from an analysis of the 
Utah data alone and is 0.5 i0 .06  GeV/c (for the pt  distribution given by 
Elbert et al.  in 1968) at primary energies in the region of 2 x l o5  GeV. 

1. Introduction 
Recent studies of high. energy muons in extensive air showers, notably in the 

Kolar Gold Fields (Chatterjee et al. 1966, 1968, Khrishnaswamy et al. 1969) and in 
Utah (Porter and Stenerson 1969, Coats et al. 1970, Cannon and Stenerson 1971) 
have stimulated theoretical analyses of the problem with the object of deriving in- 
formation of nuclear physical and astrophysical interest. In  previous papers (Adcock 
et al. 1969 to be referred to as IV and Adcock et al. 1970 to be referred to as IVA) 
the present authors examined the preliminary data which had come from the Utah 
experiment. I n  the present work more extended data are analysed together with work 
from other experiments and attention is drawn to the manner in which the future 
experimental data could usefully be manipulated. 

As with previous calculations a 'conservative' model for high energy collisions is 
adopted and calculations are made of quantities which can be directly compared with 
experiment. The  model is basically that adopted in previous papers of the authors 
(e.g. de Beer et al. 1966 to be referred to as I) and we regard as variables the following: 

(i) the mean transverse momentum ( p , ) ,  the form of the distribution in p ,  being 
assumed to be 

iv(pt> = Pt exp( - e) 
Po Po 

(ii) the exponent c1 in the multiplicity variation, ATs = AE," above 
E,  = 3000 GeV; below a primary nucleon energy of 3000 GeV the relation 
-Vs = 2.7 appears to fit the available experimental data rather well and 
this expression is used. ( In  fact, in our preferred model, M = B throughout,) 

(iii) the magnitude of the primary nucleon spectrum j(E,), although, when it is 
necessary to use the form of the spectrum for specific predictions, the relation 
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adopted in IV is used (this is j ( E )  = 0.9 E-2,6 cm-2 s-l sr-l GeV-I fol 
E < 2 x lo6 GeV for 
E > 2 x  lo6 GeV). 

The  energy spectrum for secondary pions is taken as ( N ( E z )  = (A/T)exp( -En/T))  
(the CKP relation-Cocconi et al. 1961) where A is the forward multiplicity and T 
the mean pion energy. S o  doubt this expression does not accurately represent the 
true state of affairs at very high energies and in particular it can be argued that this 
‘pionisation’ formula does not allow for isobar production. However, a number of 
the predictions of relevance to extensive air shower (EAS) phenomena do not depend 
sensitively on the form of N(Ez)  and in any case the model does not claim to be 
unique: it simply represents a datum whose predictions may be compared with the 
experimental results. As experimental precision improves and further facets of EAS 
are analysed the form of N(E,) too will be examined. 

No allowance has been made for the production of muons via the ‘X-process’ 
proposed by Bergeson et al. (1968, 1969). 

Results of general application are given, followed by calculations which relate 
specifically to the conditions of the Utah experiment. Attention is directed also to a 
method of deriving information about the more important parameters j(E,), a and 
( p , }  individually instead of in combination as is usually the case. Finally, direct 
comparison with the results of the Utah experiment presented in the previous paper 
(Cannon and Stenerson 1971) is made together with a brief analysis of the experi- 
mental results given by Chatterjee et al. (1966, 1968), Khrishnaswamy et al. (1969) 
and Barrett et al. (1952). 

and j ( E )  = 1.3 x lo3 E-3’1 cm-2 s-l sr-l GeV-I 

2. Method of calculation 
The method of calculation is similar to that adopted in our previous work. For 

a fixed primary energy, the numbers of muons resulting from the various pion genera- 
tions are summed and the moments of the radial distances are determined, from which 
the form of the lateral distribution is obtained. Some of these lateral distributions 
have been given already (in IV and IVA) for the angular range under consideration 
and will not be repeated. For a discussion of the calculation of the densities at large 
radial distances reference should be made particularly to IVA. 

Geomagnetic deflexions and Coulomb scattering displacements are expected to 
be negligible in most situations and are not considered in the calculations. 

For the calculation of expected frequencies of multiple events the probability of a 
shower of energy E, falling at distance r away from the centre of the detector area 
and producing the required number of muons is computed and this is then summed 
over all Y and over the primary spectrum j(E,). 

3. Results of general application 
3.1. The mean radial distance 

An important quantity which has not been discussed in detail hitherto is the 
mean radial distance of the energetic muons from the shower axis. This quantity is 
determined largely by the mean transverse momentum and (see paper IVA) it has 
significance for the rate of detected multiple events in most practical cases where the 
size of the detection area is not large compared with the ‘area’ of the shower 
( E  4,d2). 
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The  variation of (Y~) with primary nucleon energy is given in figure 1 for several 
muon threshold energies and for ( p , )  = 0-4 GeVlc. The  scaling law for changes in 
( p , )  is quite straightforward: (ru) K ( p t ) .  

v' 4 

2! 
I t  I ,  I ,  I ,  1 

I o4 lo5 I Ob IO' I OB 
EP (GeV) 

Figure 1. Mean radial distances of EAS muons from shower core. Primary 
protons, ( p , )  = 0.4 GeVlc. 

An explanation of the reduction of ( T , )  with increasing E,  is immediately 
apparent in terms of a greater yield of muons from lower altitudes occurring as sig- 
nificant particle generation occurs lower in the atmosphere with higher primary 
energies. 

Figure 1 gives the results for 0 = 60". Altering the zenith angle causes a simple 
geometrical change (variation of inclined distance to production level) and a small 
further change in the vertical depth from which the muons come with the result that 
(Y,) cc 0 for 45" < 0 < 60" and (Y,) cc Eu-o.8 for 1000 < E, < 2000 GeV. 

3.2. EfJect of detector area 
The problem of computing the expected frequency of multiple events in the case 

of an area S over which the muon density is not constant (a common experimental 

I IO IO2 I 0' 
S (mZ) 

Figure 2 .  Area factors for twos and threes. Primary protons, 8 = 60°, 
EW >lo00 GeV, ( p t )  = 0.4 GeVlc. A S  is the area of a very small detector. 
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condition) is not trivial. For the case of twos the frequency is proportional to S2 for 
S < (r , )2  and proportional to S for such large areas that the whole of the shower is 
contained inside the area. Similarly, for threes there is a transition from S3 to S as S 
increases. Calculations have been made for a particular set of parameters with the 
results shown in figure 2. In  fact, scaling to other values of the parameters is quite 
straightforward using the data given in figure 1 and 9 3.1, the abscissa in figure 2 
being replaced by SIk2 where k is the ratio of the mean radius for the Eu and 6 under 
examination to the mean radius for the datum (1000 GeV, 60"). 

4. Results applicable to the Utah experiment 
4.1. The X-process 

The problem introduced by the X-process has been mentioned briefly in 5 1. 
The  effects leading to the proposed X-process were seen in the single muon results 
but it is likely that the X-process will not affect the multiple muon data to any large 
extent for two reasons : 

(i) the X-process muons will presumably be few in number for a particular 
shower. 

(ii) their lateral distribution will very likely be wider than that of the 'pionisation' 
muons. 

Depth C hg c m - i j  

Figure 3. Vertical depth intensity curve (left-hand scale) and 60" depth intensity 
curve (right-hand scale), W%'DI = world wide depth intensity curve (Bergeson 
e t  al. 1969). 'Theor' = present calculations €or primary protons, 
I,, Is = contribution to muon intensity from pions and from X-process according 

to Bergeson et al. (1969). 
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Because of the relevance of the X-process and the'need, in any case, to be able 
to predict the 'measured' single muon spectrum, attention is first directed to this 
quantity. The  calculated single muon spectrum at 8 = 60" for CI = 4 has been con- 
verted to a depth-intensity curve and is shown in figure 3 where it is compared with 
the Utah intensities as derived by Bergeson et al. (1969) (denoted by Iz+21z). ,41so 
shown is that part of the intensity attributed by Bergeson et al. to pions alone 
(denoted by 2IZ). It is seen that the preferred case of dc = 4 gives a depth-intensity 
curve intermediate between the two sets of Utah data. 

In  a similar way the vertical depth-intensity curve for single muons has been 
calculated and compared with that directly measured with the result also shown in 
figure 3 .  The 'measured' line given there is the 'World Wide Depth Intensity' 
(WWDI) curve drawn by the Utah group through all the available data on vertical 
intensities from other laboratories. I t  is seen that the predicted curve is somewhat 
lower than the WTVDI curve; the result of scaling up the predicted curve by a factor 
1.5 is also shown-the reason for this factor is given later. 
4.2. Calculations of predicted rates for  an  area of 20 m2 
4.2.1. Rates as a function of E,, 8 and ( p , ) .  The variation of rate of multiple events 
with area indicated in figure 2 shows the importance of adopting a standard area to 
which the rates may be referred. For the Utah experiment an area of 20 m2 has 
been adopted, this being a typical area of collection. Calculations have been made of 
the expected frequencies of various multiplicities as a function of angle, muon 
threshold energy and mean transverse momentum ( p , ) .  Results are shown in 
figure 4 for the case of ( p , )  = 0.4 GeV,'c and 0 = 60°, this again being a typical 
angle in practice. 

- \  
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Figure 4. Expected frequencies of multiples P ,  against muon threshold energy 
E N  (for 6 = 60"), and zenith angle (for Ell >lo00 GeV). Primary protons, 

<p, ) = 0.4 GeV/c. Full line E,114, broken line 
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The  ratio can be computed for different values of ( p , )  using the data of figure 4 
in conjunction with figure 2; rates for ( p , )  = 0-67 GeV/c, a value which comes from 
IVA, are given later in figure 8. 

In  a similar way, the variation of rate with angle can be calculated; that for 
E, > 1000 GeV and ( p , )  = 0.4 GeVlc is given in figure 4. 

4.2.2. Median primary energy. The median primary energy of the detected showers 
has been calculated with the result shown in figure 5 .  It is interesting to note that in 
an area of 20 m2 at 60" multiplicities above 3 are required before the relevant primary 
particles have energies above the knee in the primary energy spectrum. 

IO' 

I os 

c 

Figure 5 .  Median energy as a function of muon threshold energy for singles, 
doubles and triples. Primary protons, ( p , )  = 0.4 GeV/c, 0 = 60°, 20 ma area. 

Full line broken line 

4.2.3. A method of deriving j ( E p ) ,  ct and { p t ) .  If the three parameters referred to 
above are the only unknowns then there is in principle sufficient information in the 
Utah experiment to enable their separate values to be determined. It was demon- 
strated in IVA that the decoherence curve is sensitive mainly to ( p , )  (ct providing 
a small perturbation) and a value for this quantity was derived: ( p t )  = 0.67 GeV/c 

The separate values for j(E,) and ct can be derived with reference to figures 4 
and 5 by constructing curves of the type shown in figure 6. 

These give the ratio of the predicted frequency of doubles (with energy above 
a given threshold) to that of singles with energy above that threshold energy which 
corresponds to the same median primary energy, as a function of the single muon 
value of E,. Along each of these (full line) curves ct varies and any point on a line 
corresponds to a fixed ct and to a fixed primary energy. For example, the curve for 
n = 2 at E, = 8500 GeV corresponds to cc = & and the ratio of P2(E, > 2000 GeV) 

for W P t )  = (Pt /Po2)  exP( -PtIPd* 

5.4 
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01 

to Pl(Ep > 8500 GeV) is 1.0. Figure 5 shows that the median primary energy for 
both these multiplicities (singles above 8500 GeV, doubles above 2000 GeV) is 
approximately 4 x lo5 GeV. 

I I 
O X I O !  

Figure 6. Ratio of frequency of doubles to singles as a function of muon threshold 
energy for singles. Primary protons, ( p , )  = 0.4 GeV/c, 0 = 60" (see § 4.2.3 

for explanation). 

The  manner in which such a plot can be used is illustrated by the straight line 
drawn through the hypothetical experimental points. This refers to n = 2, that is, 
doubles with energy above 2000 GeV. The  circles refer to singles at threshold energies 
below that responsible for the doubles but extrapolation to meet the n = 2 line gives 
the condition that the primary energies are the same. The  value of a at this inter- 
section point is then the experimentally derived value, independent of the primary 
intensity. 

Similar curves can be plotted which relate to the ratio P, to Pz, P4 to P,  etc., 
and a values can be determined pertaining to higher primary energies (if a does in 
fact vary with EP) by plotting the experimental data in a similar manner. 

Having determined v. and ( p , }  (from IVA) the experimental results can be 
taken together with theoretical predictions to determine the primary intensity for 
various primary energies. The  determination is by way of finding the relationship of 
the predicted number of events of a given multiplicity to that given in figure 4 for 
the appropriate a and by scaling the primary intensities given by the relations in 4 1 
accordingly. Performed in this way the calculations give the primary spectrum that 
would pertain if all the primaries were single nucleons. 

Unfortunately, as yet, data from the Utah experiment do not cover a wide enough 
range of muon energies with sufficient statistical precision to enable the above 
method to be used. However, adequate precision is likely to be available eventually. 

4.3. Comparison with other theoretical predictions 
At this stage some comparison of the predictions with those of other theoretical 

studies can be made. A number of workers have made calculations in the high energy 
muon field, notably Cowsik (1966), La1 (1967), Bradt and Rappaport (1967) and 
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Murthy et al. (1968 a,b,c). A variety of high energy interaction models have been 
used but only La1 (1967) has calculated for the preferred model in the present work 
and here only for one-dimensional propagation. Over the common energy region 
there is agreement of the predictions to within about 20%. 

5. Comparison with the results of Cannon and Stenerson (1971) 
5.1. General 

Insofar as results from a variety of depths, angles and for a variety of detecting 
areas were recorded in the experiment, a scaling procedure was necessary for the data 
grouping. As this point has been discussed in some detail in the previous paper, it is 
merely necessary to note here that the most important scaling, that for differing detec- 
tion areas, made use of plots of the type given in figure 2. 

5.2. Angular variation 
Although the bulk of the angular variation in the predicted frequencies of various 

multiplicities comes from geometrical factors it is of value to compare observation 
and prediction as a check on the validity of some aspects of the model. 

Representing the variation of rate with angle by R(8) cc secN8, N has been calcu- 
lated by a least-squares technique for the data given in the preceding paper for various 
depths. The comparison is made in figure 7 ,  where it is seen that the agreement is 
adequate. 

-21 I I I I I 
2500 3500 4500 

DPpth ( h g  Depth C hg  c m - 9  

Figure 7. Angular variation of detected twos and threes. Comparison of the 
results of Cannon and Stenerson (1971) with :the present predictions. N is the 

exponent in the relation Rate Q. (sec 8)  N. 

5 -3. Depth variation 
The depth variation for twos and threes in 20 m at 60" is given in figure 8. Also 

shown arethe expected curves for the case CI = &, ( p , )  = 0.67 GeVlc, thevalue derived 
from the decoherence data (paper V). I t  is immediatly apparent that the predicted 
rates are too low and in order to obtain agreement an increase by a factor of 1.5 is 
required. (This normalizing factor was also required in V and there is thus consis- 
tency in the treatments.) 
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The  effect of a similar increase on the rate of singles is shown in figure 3 : there 
is much better agreement with the WVDI for 6' = 0" and at 0 = 60" the predicted 
intensity is close to the measured total intensity (although the meaning of this is 
not clear if X-production is invoked). 

1000 GeV 2000 GeV 

 LO-^ c 

d I I I I 1 1 1 1 
2 3 4 5x10' 

Depth  ( h g  cm-2) 

Figure 8. Depth dependence of detected twos and threes. Comparison of 
the results of Cannon and Stenerson (1971) with the present predictions. 

A = 20 ma, 6 = 60°, <pt>  = 0.67 GeV/c, ct = 4. 

The increase, applied universally in this way, signifies an increase in the primary 
spectrum j(E,) above that quoted in $1, at the energies in question 
(3 x 104-2 x lo6 GeV); such an increase is not impossible. 

Returning to figure 8, although there is now fairly good agreement in the region 
where the statistical accuracy is most precise (E ,  N 2000 GeV) the depth dependence 
is not in good accord. I t  is likely that some, at least, of this is due to neglect of fluctua- 
tions in energy loss for the muons. 4 treatment incorporating such fluctuations will 
be attempted later. 

5.4. Determination of r ~ .  

It is apparent from figure 4 that the ratio of the rates of threes to twos in 20 m2 at 60" 
is sensitive to the value of N .  Figure 9 gives a plot of the ratio as a function of depth 
for the two values of N-$ and +-and it can be seen that the ratio is almost indepen- 
dent of the value of <pt). This arises because as (pt) is increased the reduced effect 
of detector size relative to shower size compensates for the larger shower width. 
T h e  conclusion to be drawn is that there is no evidence against the original preferred 
value of CL = $. Although the absolute primary intensity is not important the con- 
clusion rests on the proviso that the slope of the primary spectrum is equal to that 
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assumed; as can be inferred from the remarks in 5 4.2.3, only when the experimental 
data extend over a wider range of energies, so that it is possibIe to compare twos and 
threes from the same primary energy, will it be possible to obtain a without this proviso. 

2 4x10 
Depth ( h g  c r 2 )  

Figure 9. Determination of M .  Ratio of rates of threes to twos as a function of 
depth (Cannon and Stenerson 1971) compared with present predictions for 

a = and CI = 4, and two values of (pt), 0 = BO", A = 20 m2. 

6. Comparison with the results of the Kolar Gold Field experiments 
6.1. General 

Two experiments have been carried out in the Kolar Gold Fields, notably the 
study by Chatterjee et al. (1966,1968) of underground muons associated with extensive 
air showers selected by ground level detectors, and the observations of under- 
ground muons alone by Khrishnaswamy et al. (1969). The  latter experiment is 
important insofar as the observations on the angular distribution of single muons, 
which have been made at a similar depth to that of the experiment of Bergeson et al., 
do not show the anomaly reported there. A comparison of the two sets of results on 
multiple muons is thus of importance in view of this disparity as well as the comparison 
of the results with the present theoretical analysis from the standpoint of deriving 
information about such quantities as ( p , ) ,  a and j (Ep) .  

6.2. The results of Chatterjee et al. (1966, 1968) 
This work comprised a measurement of the absolute number of muons of energy 

above 220 GeV and 640 GeV in showers of size lo5 to lo6 (primary energy lOI5 to 
eV) and the authors have themselves derived from the results a value for ( p , ) .  

Although the method of derivation is less sophisticated than that adopted in the 
preceding sections of the present work the values will be adopted here in view of the 
difficulty in applying more rigorous methods to the conditions of particle selection 
(ground level shower trigger) and the fact that so far accurate calculations have not 
been made for such low threshold energies. 

The  latest value quoted for ( p , )  is 0.6 to 0.7 GeV/c (Chatterjee et al. 1968- 
earlier preliminary analyses gave somewhat lower values : Chatterjee et aZ. 1966). 
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This result comes from a measurment of the mean radius, (20 k 3) m, of muons above 
a threshold of 220 GeV. It is interesting to note that extrapolating the present theore- 
tical results to lower muon threshold energies yields a value of about 0.65 GeV/c for 
this experiment. 

It is of relevance to note that the total number of muons above 640 GeV in the 
size range lo5 to lo6 is close to what would be expected from the present treatment 
(Adcock 1970) for a = t and with the primary intensity equal to that adopted in 
9 5.3. 

6.3. The results of Khrishnaswamy et al. (1969) 
6.3.1, Experimental details. I n  view of the fact that an analysis of the multiple muons 
from this experiment has not been given previously, the results will be discussed in 
some detail. 

The  detector consisted of a 4 m2 horizontal layer of plastic scintillator, used as the 
triggering element, beneath which were placed crossed layers of neon flash tubes. 
With this arrangement the spatial angles of tracks could be measured to within 
I 1.5". The  data used in the present comparison consist of events containing two 
parallel muons, and were collected whilst the detector was located at a vertical depth 
of 1500 hg cm-2 in the Kolar Gold Field (KGF). 

6.3.2. Analysis. The ratio of doubles to singles in a 1 m2 detector at 45" has been 
determined from the data in the following way. The  ratios over the four 10" 
angular ranges from 20 to 60" have been normalized to 1 m2 using figure 2 to allow 
for area size effects. Normalization to 45" has been made using the (sec varia- 
tion for twos determined by Coats et al. (1970), and assuming that singles vary as sec 0 
-a total factor of (sec O)-2 .2 .  I n  determining the aperture for twos it has been assumed 
that one muon must traverse both the scintillator and the central electrode of the 
bottom flash tube tray, but that the second muon need only traverse two flash tube 
trays (Miyake 1970 private communication). The  distribution of separations of twos 
in the detector indicates an increase in the intensity at small separations ( <  50 cm), 
probably due to local production, and the total number of twos has been decreased by 

Io-z I o Kr\s!hnaswamv et U/ (1969) 
I I I I I 

 IO-^ ; 1.8 2.2 2.6 3 x IO' 

Dzpth Chg cm-*) 

Figure 10. Ratio of rate of twos to ones at 45" in 1 m2, as a function of depth 
for the experiments of Cannon and Stenerson (1971), Krishnaswamy et al. 

(1969), and Barrett et al. (1952). 
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10% to allow for this effect, The  ratio of doubles to singles in a 1 m2 detector at 
45" derived in this way is shown in figure 10, as a function of depth. 

6.3.3. Comparison with prediction and with the Utah results. Also shown in figure 10 
are the predictions of the conservative model using both U = & and 4 for two values 

If it is assumed that U = $, as follows from 5 5.4, then ( p , )  can be determined; 
the value derived from the data of Khrishnaswamy et al., given in figure 10, is 
( p , )  = 0.47 f 0.1 GeVlc. 

Also shown in figure 10 are the Utah results on the ratio of doubles to singles, 
the doubles coming from the work of Cannon and Stenerson (1971) referred to earlier 
and the singles being derived from the data of Bergeson et al. (1969). T h e  singles 
intensity is the total measured intensity (denoted by T S X )  for one set of points, and 
that due to pions alone (denoted by T )  for the other. For a comparison of the measured 
ratio of doubles to singles with that of Khrishnaswamy et al. the points referring to the 
total intensity ( T S X )  are relevant. It is immediately seen that the two sets are in- 
consistent. The  discrepancy does not arise from the rate of singles-at 45" both 
experiments give very similar values-but rather from the rate of doubles, the Utah 
rates being about a factor of two lower. The reason for the difference is presumably 
either a technical error in one of the experiments or some physical phenomenon 
associated with the fact that the muon energy threshold in the Utah experiment, 
approximately 2 GeV, is much greater than that in the K G F  experiment-approxi- 
mately 0.15 GeV. The latter possibility is hard to understand without invoking yet 
another new phenomenon since the mean muon energy in the detected pairs should 
be several hundred GeV and the fraction less than 2 GeV will be quite negligible. 
The  reason for the discrepancy is thus unresolved. 

of ( P d .  

7. Comparison with the results of Barrett et al. (1952) 
7.1. Experimental arrangement and data 

Five counter arrangements, each of effective area approximately 0.75 m2 and 
comprising two layers of hodoscoped geiger counters shielded by about 15 cm Pb, 
were operated in coincidence at a depth of 1574 hg cm-2, and arranged such that 
there were ten different spacings between pairs, ranging from 1.5 to 17.5 m. After 
1863 hours of running, the counters were rearranged to provide more information 
at separations greater than 10 m. The data are presented in figure 11 in the form of 
the ratio of the rate of muons in 1 m2 detectors separated by x to the rate of singles 
in one of the detectors, as a function of x. 
7.2. Analysis 

The  predictions of the conservative model using c( = 1 are compared with the 
data in figure 11 for various values of ( p , ) ,  the curves being individually normalized 
to give the optimum fit. At separations below 1.5 m the data are derived from a single 
detector, and may therefore be an overestimate of the true rate owing to the poor 
resolution of a single detector and also owing to local production. Although the 
uncertainties in the data are rather large they appear to be consistent with 
( p , )  = 0-5 i: 0.1 GeVlc. 

The  mean zenith angle is approximately 25", corresponding to a depth of 1740 hg 
cm-2. The  value of Rx/Iv  at x = 0 in figure 11 is 3.5 for ( p t )  = 0.5 GeV/c. 
Correcting this value to 45" using the (sec O ) - 2 . 2  variation, and allowing a factor of 
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two-because the ways of permuting hi' particles so that two traverse a given detector 
are half the permutations that put one particle in each of two detectors-the ratio 
of doubles to singles at 45" is shown in figure 10. This ratio is seen to be somewhat 
higher than measured by Khrishnaswamy et al. at the same depth, and the correspond- 
ing ( p , )  is 0-4 GeV/c-a value lower than the best estimate from figure 11, although 

1 0 - 2 2  

x ( m )  

Figure 11. Data of Barrett et al. (1952) compared with the predictions of the 
conservative model. The  theoretical lines have been individually normalized to 

the data. 

the two are not necessarily inconsistent. The  difference disappears if it is assumed 
that the intensity has been systematically overestimated ; this is substantiated by the 
fact that the number of muons in a shower of a given primary energy is larger than 
theoretical prediction and other measurements-Adcock (1970). 

8. Summary 
8.1, Doubles and triples in the Utah experiment 

Assuming a negligible contribution from the X-process to doubles and triples, the 
following points of consistency are evident from a comparison between the Utah 
data in 20 m2 at 60" and the predictions of the conservative model (a = t and 
normalized by a factor 1.50). 

(i) The  rates of doubles and triples shown in figure 5 as a function of depth are 
in approximate agreement; some of the discrepancy is due to the neglect of fluctuations 
in energy loss of the muons. 

(ii) In  figure 7 the angular variations of the rates of doubles and triples as a 
function of depth are in fair agreement with theory. 

(iii) The ratio of the rate of triples to the rate of doubles as a function of depth is 
almost independent of (p,},  and thus provides a determination of z. Figure 9 shows 
that the data are quite consistent with a = 4. 
5.2. Singles in the Utah experiment 

The conservative model has been developed assuming only pions as the parents of 
the underground muons, so for a comparison with theory the experimental data must 
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comprise only those muons derived from pions. The  Utah data are considered 
making the following assumptions about the X-process. 

8.2.1. No X-process. In  this case all muons are assumed to come from pions. An 
immediate difficulty arises from the fact that the measured variation of singles with 
zenith angle, given by Bergeson et al. (1968, 1969), is less rapid than expected 
from the conservative theory. However, the following points of consistency can be 
found. 

(i) In  figure 3 the rate of singles (denoted by I,+2I,) in 20 m2 at 60" as a function 
of depth is not inconsistent with the theory. 

(ii) I n  figure 10 the measured ratio of doubles to singles in 1 m2 at 45" is plotted 
as a function of depth. The points referring to the total singles intensity (denoted 
by n+x-see 4 6.3.3) are the ones appropriate to the case of no X-process, and it is 
seen that they are not inconsistent with the theoretical predictions with ct = B and 
(p,) = 0.67 GeVlc. 

8.2.2. Including X-process. Accepting now the angular variation of Bergeson et al., the 
intensity of singles as a function of zenith angle can be fitted by the approximate 
expression I = I ,  + I ,  sec 0 at various depths, and the corresponding values of I s  and 
I, determined. For the analysis only muons from pions must be considered and 
now problems arise with regard to the ratio of doubles to singles (figure 10 denoted 
by ' T ' ) ,  There it can be seen that the points for the n component are then inconsistent 
with ct = t and ( p , )  = 0.67 GeVlc. 

8.3. Comparison with other experiments 
In  the comparison between the Utah and the Krishnaswamy et al. data at depths 

greater than 2100 hg cm-2 (figure 10, points denoted 'n+x') it is found that the 
Utah measurement is less than the K G F  data by a factor of two. At smaller depths 
the data of Barrett et al. are found to be not inconsistent with the K G F  data. 

9. Conclusions 

In  the Utah experiment both the decoherence measurement discussed in IVA, 
and the doubles and triples data are consistent with the predictions of the conservative 
model (ct = 2, (p,) = 0.67 GeV/c for the CKP p ,  distribution, and a primary 
intensity some 50% higher than given in 4 1). However, comparison with 
Krishnaswamy et al. shows the frequency of Utah doubles to be less by a factor of 
about two. This difference has not been resolved, but it may be related to the different 
zenith angles variation for singles found by the two experiments. Invoking 
an X-process overcomes the difficulty with the angular variation of singles in the Utah 
experiment, but introduces inconsistencies in a comparison between the predictions 
of the conservative model and the higher multiplicity data. Some of these may be 
eliminated if the X-process contributes significantly to the higher multiplicity data, 
and it is hoped to examine this in a later paper. 

Confining attention to the question of the derivation of the best value of (p,) from 
all the experiments, it is possible to combine the individual results giving 
(Ftt> = 0.55 & 0.07 GeV/c for the CKP distribution (and approximately 
0.5 0.06 GeV/c for the Elbert et al. 1968 distribution). Thus it is likely that the 
best estimate of ( p , )  is a little less than that quoted in IVA. 
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